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Abstract. Given a closed hyperbolic Riemannian surface, the aim of the present paper is to 
describe an explicit construction of smooth deformations of the hyperbolic metric into Finsler 
metrics that are not Riemannian and whose properties are such that the classical Riemannian 
results about entropy rigidity, marked length spectrum rigidity and boundary rigidity all fail 
to extend to the Finsler category. 



1. Introduction 

In this paper, we construct Finsler metrics on hyperbolic surfaces, proving that certain recent 
Riemannian rigidity results fail to extend to the Finsler category. Recall that a Finsler metric 

on a manifold M is a continuous function : TM — > R such that JF(p, ■) is a norm on 
TpM for any p G M. If in addition JF is C°° on TM^jO} (the tangent bundle minus the zero 
section), then JF is said to be smooth. In that case, JF is called strongly convex iff for any 
(p, f) G TM^jO}, the symmetric bilinear form f) on TpM is positive definite. 

Note that a Riemannian metric on M gives rise to an associated Finsler metric JF defined 
by J-'{p,v) = {g{p}{v,v)Y^'^. We will then say that JF is Riemannian. 

Perhaps the most significant Riemannian rigidity results are the minimal entropy rigidity 
theorems of Katok for surfaces and of Besson, Courtois, and Gallot in higher dimensions, due 
to their many applications (see for example the surveys [3] and [8]). We begin by stating these 
two theorems and one of their consequences, relevant to our work (for a more general version 
in higher dimensions, see [4]). 

Given a Finsler metric F on a simply connected manifold M, the volume growth entropy of 
F, denoted by h{F), is the asymptotic exponential growth rate of F-balls in M, i.e., 

h{F) := limsup4log(Voli.(E^(x,i?))) G [0, +oo] 

for an arbitrary x G M, where Bp{x, R) is the open ball of radius i? in M about x with respect 
to F, and Vol^? denotes the Holmes-Thompson volume on M associated with F (see Section 2 
for the definition"). 
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By extending this definition, if JF is a Finsier metric on a compact manifold M wliose universal 
cover is M, the upper limit above is actually a limit, and the volume growth entropy h{J^) of 
is defined to be equal to that h{F) of the hft F to M of the metric J^. 

Theorem 1.1 (Katok, [16]). Let {S,go) be a closed hyperbolic (Riemannian) surface, and let 
g be a Riemannian metric on S. Then, denoting by vol the usual Riemannian volume, we have 

(1) h{g,fyo\g,{S) ^ h{gfMo\g{S), and 

(2) h{gof yolgQ{S) = h{gfyolg{S) if and only if g is hyperbolic. 

Later, Besson, Courtois and Gallot extended the first part (inequality) of this result to higher 
dimensions and obtained something different for the second part (rigidity): 

Theorem 1.2 (Besson-Courtois-G allot, [3] and [4]). Let {M,go) be a closed n-dimensional 

Riemannian locally symmetric space of negative curvature with 3, and let {N,g) be a closed 
negatively curved Riemannian manifold homotopy equivalent to [M^go). Then, denoting by vol 
the usual Riemannian volume, we have 

(1) h{goTvo\g,iM) ^ higfvolgiN), and 

(2) h{gof volg^{M) = h{gfvo\g{N) if and only if{N,g) is homothetic to (M,c/o)- 

An important corollary of these results is the boundary rigidity of negatively curved sym- 
metric spaces (sec [8] for a general discussion of boundary rigidity). Let (M.go) denote a 
compact connected Riemannian manifold with a non-empty boundary dM, and let dg^ denote 
the induced metric on dM by the distance function on M associated with go. Such a manifold 
is called boundary rigid if and only if for any compact connected Riemannian manifold {N,g) 
with non-empty boundary dN, any metric isometry {dM, d^g) — > {dN, dg) extends to a smooth 
isometry (M, go) — > {N, g), where dg is defined the same way as dg^. 

Theorem 1.3 ([8], Corollary 6.3). Any bounded domain in a Riemannian symmetric space of 
negative curvature has a closure that is boundary rigid. 

Another Riemannian rigidity result is related to the marked length spectrum. The marked 
length spectrum of a Finsier manifold (M, J^) is the map that assigns to each free homotopy 
class of M the .F-length of a shortest closed parameterized curve [0, 1] — > M (thus a ^-geodesic 
since it is locally J^-length minimizing) in that free homotopy class. 

Theorem 1.4 ([9], Theorem LI. See also [8], Theorem 8.2). Let go be a negatively curved 
Riemannian metric on a closed manifold M. Let {gx)xe{-e,e) be a smooth variation of go through 
Riemannian metrics on M such that for each A G {—e,e), the marked length spectrum of gx is 
the same as that of go. Then gx is isometric to go for all A e {—e,e). 



We now state our main result. 
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Main Theorem. Let V denote an open ball in the two-dimensional hyperbolic space (H^,5fo). 
Then there exist £ > and a continuous function $ : {—e,e) x TIP — > R that is C°° on 
{—e,e) X (TH^\{0}) and such that for each X e {—e,e), we have 

(1) Fa(-) := $(A, ■) is a smooth strongly convex Finsler metric on H^, 

(2) Fq is associated with Qq, and Fx is not Riemannian whenever A 7^ 0, 

(3) df^ = (ipo; where rfpo and df^ are the metrics induced on dT> by the distance functions 
on associated respectively with Fq and F\, 

(4) every two points in V can be joined by a geodesic ofF\ whose image is contained in V, 

(5) Fx{x, u) = Fo{x, u) for all x e IP^V and u e T^iP, 

(6) Fx has no conjugate points. 

It is important to point out that the greatest difficuhy in the proof of this theorem is the 
smoothness property we expect from our family of Finsler metrics. Indeed, how to get a Finsler 
metric on an open disc in that induces a given distance function on the boundary of that 
disk is a construction that is well known (see [2]). However, we want here to construct a family 
of Finsler metrics on an open disk in that all induce on the boundary of that disk the same 
distance function as that induced by the hyperbolic Riemannian metric Qq on H^, and that 
extend to go outside the disk in a smooth way, this latter point being not something classical. 
Moreover, we expect the extended family {Fx)x^(^_^ e) to be also smooth with respect to the real 
parameter A since this may be useful in studying the behaviour of some invariants associated 
with these Finsler metrics by differentiating them with respect to A. 

As corollaries to our Main Theorem, we get that all of the Riemannian rigidity results 
stated above fail to extend to the Finsler category for surfaces. In particular, Katok's rigidity 
result about closed hyperbolic surfaces (see Theorem 1.1, point (2)) does not hold any longer 
for Finsler metrics. By the way, it is interesting to note that Besson, Courtois and Gallot 
conjectured in their paper [3] (page 630) that Theorem 1.2 should remain true in the Finslerian 
context. 

Corollary 1.1. Let {S, go) be a closed hyperbolic surface. Then there exist a domain fl in S with 
non-empty boundary dfl, a number e > and a continuous function ^ : {—s,s) x TS — > R 
that is C°° on {—e,e) x (T5'~^{0}) and such that for each A e {—e,e), we have 

(1) J-\{-) :— ■) is a smooth strongly convex Finsler metric on S, 

(2) J^o is associated with go, and T\ is not Riemannian whenever A 7^ 0, 

(3) dj:^ — dj:^, where dj:^ and djr^ are the metrics induced on dD, by the distance functions 
on S associated respectively with To and T\. 

Corollary 1.2. Let {S,go) be a closed hyperbolic surface. Then there exist e > and a con- 
tinuous function W : (—£,£) x TS — > R that is C°° on (—£,&) x (T5'^{0}) and such that for 
each A e {—e,e), we have 
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(1) := 5^(A, ■) is a smooth strongly convex Finsler metric on S, 

(2) JFq is associated with go, and T\ is not Riemannian whenever A 7^ 0, 

(3) the marked length spectrum of Tx is equal to that of Tq. 

Corollary 1.3. Let {S,go) be a closed hyperbolic surface. Then there exist e > and a con- 
tinuous function ^ : {—e,e) x TS — > R that is C°° on {—e,e) x (T5''^{0}) and such that for 
each A G {—e,e), we have 

(1) J-'\{-) := !^(A, ■) is a smooth strongly convex Finsler metric on S, 

(2) J-'q is associated with go, and T\ is not Riemannian whenever A 7^ 0, 

(3) h{T\fNo\j:^S) = h{J-'of 'Voljr^{S) , where Vol denotes the Holmes-Thompson volume. 



2. Proofs of the Corollaries 

In this section, we will explain how the Main Theorem implies Corollaries 1.1, 1.2 and 1.3. 

Let (H^,5fo) be the two-dimensional hyperbolic space and let Fq be the (smooth strongly 
convex) Finsler metric associated with gQ. Let F be a discrete cocompact subgroup of gQ- 
isometries acting properly discontinuously on without fixed points. Then S — H^/F is 
a closed surface endowed with the quotient hyperbolic metric go and the projection map tt : 
— > 5* is a Riemannian covering. Finally, let T) be an open ball in (H^, go) such that TTp is 

injective, where T> stands for the closure of T> in {H^^go). 

Notations. For any Finsler metric T on 5, we will denote by F the lift of to and by 
Dp the distance function on associated with F. The JF-Iength (respectively F-length) of 
curves will be denoted by Ljr (respectively L^?), and the induced metric on dV by Dp will 
be denoted by dp. For x e and i? > 0, let Bp{x, R) denote the open ball about x in 
of radius R with respect to Dp. In addition, given x,y & H^, any D^r-distance minimizing 
geodesic [0, 1] — > connecting x to y will be denoted by [x, (it is to be noticed that J- 
is complete since S is closed, and thus F is complete too). 

Corollary 1.1 will be a straightforward consequence of the following lemma: 

Lemma 2.1. There exist e > and a continuous function SF : (—£,£) x TS — >• R that is C°° 
on {—e^e) x (T^^^jO}) and such that for each A e (—£,£), we have 

(1) :— ^{X, •) is a smooth strongly convex Finsler metric on S, 

(2) !Fq is associated with go, and T\ is not Riemannian whenever A 7^ 0, 

(3) dp^ = dp,, 

(4) every two points in V can be joined by a geodesic of Fx whose image is contained in V, 

(5) Fx{x, u) = Fo{x, u) for all x e H2\r(P) and u e TJl^, 
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(6) F\ has no conjugate points. 
Proof. 

Roughly speaking, the proof will first consist in spreading out the family (FA);^£(_g g) obtained 
in the Main Theorem all over by the deck transformations of the universal covering tt : 
— > S. Then, we will get a new family (-Fa)ag(-££) Finsler metrics on that are 
invariant under the group F, which will make it possible to consider their quotients on the 
surface S. This will finally give rise to a family (^A)Ae(-££) Finsler metrics on S", each of 
them being equal to the Riemannian hyperbolic metric 5^0 outside a small topological disk. 

Let £ > and $ : (— e, e) x TH^ — > R as given in the Main Theorem. 

Since t^\^ is injcctivc, T) is compact and vr : — > is a covering map, there exists an open 

set U in such that V C U and n\u is stiU injective. So, as $(A, {x,u)) = Fq{x,u) for all 
A e (— £, e), X E H^^D and u e T^ti^ by property (5) in the Main Theorem, we can define the 
new continuous function $ : (— £, e) x TH^ — > R by setting $(A, {'y{x),%^-u)) — f\{x, u) for 
all 7 e F if X e [/ and e T^H^, and $(A, {x, u)) = fo{x, u) if x e ll'^^r{U) and u e T^H^. 

Note that this definition makes sense since we have 'y{U) (111 = for all 7 e F with 7 ^ 
(indeed, if 7 G F and xq eU are such that 7(2:0) G U , then necessarily 7(^0) = Xq by injectivity 
of 7r|t/, and hence 7 = since F has no fixed points). 

This function $ is then on (— e, e) x (TH^\{0}) and for each A e (—£,£) satisfies 
(i) $(A, ■) is a smooth strongly convex Finsler metric on H^, 
(m) $(0, ■) is associated with Qq^ and $(A, ■) is not Riemannian whenever A 7^ 0. 

Since <I>(A, (7(2;), 2^7- -u)) = $(A, {x,u)) for all A G (—£,£), {x,u) G TH^ and 7 G F by con- 
struction, the quotient function SI/ : (—£,£) x TS* — > R given by !^(A, T7r(a;, «)) = $(A, (x, «)) 
is well defined and immediately satisfies points (1) and (2) of Lemma 2.1 thanks to points 
(i) and {ii) above. Furthermore, points (3) to (6) in the Main Theorem automatically yield 
points (3) to (6) of Lemma 2.1. □ 

Proof of Corollary 1.1. 

Choose Q, = T^iT^) and apply Lemma 2.1. □ 

On the other hand, keeping in mind that dp^^^ denotes the induced metric on &D by the 
distance function Dp^ on associated with Fq, Corollaries 1.2 and 1.3 will need the following 
lemma: 

Lemma 2.2. Let T he a Finsler metric on S such that we have 

(1) dp = dp^^, and 

(2) F{x,u) = Fo(x,m) for all x G B.'^-^T{V) and u G T^H^. 
Then Dp{x,y) = Dp^{x,y) for all x,y e W^^FiV). 
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Proof. 

Fix x,y E lP^r{T>) and let us consider a F-distance minimizing geodesic [x, yj^;' connecting 
X to y. 

We will construct a curve a also connecting x toy such that LF^^{a) = Lp{[x,y]p), and hence 
conclude that DpQ{x,y) ^ Lfq{(j) = LF{[x,y]F) = DF{x,y). A similar argument will give the 
reverse inequality, proving the lemma. 

As the image of [x,y]F is compact, it intersects only a finite number N oi connected 
components of the open set T{T>) — 7r~^{7r{T>)) in H^. 

If iV = 0, i.e., if [x, does not enter T(V), then hypothesis (2) implies LF{[x,y]F) — 
LFo{[x,y]F), hence we may take a = [x,y]F and obtain the result. 

Suppose N ^ 1, and let Ci be the first connected component of T(T>) that [x, yjp enters. Let 
Ci be the point at which [a;,2/]j? enters Ci the first time, and Oi be the point at which [a;,!/]^;' 
leaves Ci the last time. Similarly let C2 be the first connected component of T{V) met by the 
geodesic [oi,y]F, define 62 to be the point at which [oi,7/]f enters C2 the first time, and 02 to 
be the point at which [oi,|/]i;' leaves C2 the last time. Continuing in this fashion, we define 
finite sequences (Ci)i^i^fc, {ei)i^i^k and {oi)i^i^k by induction, where A; e {1, . . . , A^} is such 
that the image of [ok,y]F does not intersect r{V) (see Figure 1). 




Figure 1. Proof of Lemma 2.2 



Now we have 

Lf{[x, y]F) = Lf{[x, 61]^) + LfUci, Oi\f) + Lf{[oi, 62]^) H h ^^^([efc, Oklp) + 

The F-length and the Fo-length of each segment lying entirely outside r(T)) are already equal 
by hypothesis (2). In particular, we have 

Lpiioi, ei+i]F) = LFoiioi, ei+i]F) 

for each 1 ^ i ^ A; — 1 (in case A; ^ 2), as well as 

LF([x,ei]F) = LFo([x,ei]F) 
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and 

LF{[ok,y]F) = LF^{[ok,y]F)- 
Furthermore, for each i E {1, . . . , k}, observing that Cj and Oj he in dCi, we have 

LFoilei, oJfo) = DFoi^i, Oi) = dFoiei, Oj) = dpici, Oj) = -0^(6^, Oj) = LF{[ei, 0^]^) 
by hypothesis (1). 

Thus, if a is the curve 

(7 = [x, ei]ir#[ei, oi]fo#[oi, e2]F# • • • #[efc-i, Ofe_i]Fo#K-i, efe]F#[efc, Ofc]Fo#[ofc, 
where # is the concatenation operator, then LFo{cr) — y]^), as desired. 

The same argument reversing the roles of Fq and F shows that Dpix^y) ^ Dpoix^y), and 
hence we have Df{x, y) — Dpoix, y), completing the proof. □ 

Proof of Corollary 1.2. 

Let £ > and ^ : {—e, e) x TS — > R as given by Lemma 2.1. 

Fix A G (— £, e) and consider a free homotopy class S of 5* that is not trivial. As in the proof 
of Lemma 2.1, let U be an open set in such that V CU and 7r\u is injective. 

If a\ : [0, 1] — > 5* is a closed curve of shortest JF^-Iength within S, the image crA([0, 1]) of a\ 
can not entirely lie in 7r{T>) . Indeed, if this were the case, the image of the curve o ax would 
be included in T>, where / : {U, Fx) — > {tx{U),J-x) is the isometry induced by tt and Fx is the 
lift to of J^x- But f~^ o ax is contractible to a point in T) and thus ax would be contractible 
to a point in 7r(P), which is not possible since S is not trivial. So, there exists a point po in 
the image of ax that is not in 7r(X'). 

Let Xq G such that 7^{xq) = po and denote by ax the unique lift of ax to starting at 

Xq. 

If yo G 7r~^(po) is the end point of ax, then we have Xq, yo £ H^~^r('D), and therefore 

(2.1) DF^{xo,yo) = DFo{xo,yo) 

by Lemma 2.2. 
Now, we have 

(2.2) LF,{ax) = L:F^iax) 

since tt : (H^,Fx) — > (5, JF^) is a local isometry. But this implies that ax is a distance 
minimizing geodesic connecting xq to t/o in (H^, Fx) because if this were not the case, there 
would be a ^A-geodesic [xq, yo]Fx such that Lf^{[xo, VqIfJ < Lf^ (ax) and hence Lf^{[xo, ?/o]fJ < 
Ljr^(o'A) by Equation 2.2. Therefore, we would get Lj^^iji o [xQ^yQ\Fx) < Ljr^(^ax), which is not 
possible since no [xq, yolp^ is a closed curve that belongs to S (indeed, as [xo, yolr^ is homotopic 
to ax in the simply connected space with fixed ends Xq and yo, the closed curve tto [xq, 1/o]fa 
is homotopic to ax in S with fixed base point po) . 
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So, we have Lf^{(J\) = DF^{xo,yo), and hence 

(2.3) Ljr^{ax) = DFo{xo,yo) 

by Equations 2.1 and 2.2. 

Next, if Wo : [0, 1] — > is a Di?g-distancc minimizing geodesic connecting xq to yo, the 
curve (To := vroao is a closed curve that belongs to E (same reasoning as above for no [xq, 2/o]f;^) 
with Lpoia^) — Lj^q^gq) since tt : (H^, Fq) — > [S, Tq) is a local isometry. Thus, we get 

(2.4) L^,(aA) = L^o(^^o) 
by Equation 2.3. 

On the other hand, starting with is a closed curve Tq : [0, 1] — > S of shortest jFo-length 
within E and using exactly the same steps as previously (reversing the roles of T\ and Tq), 
there exists a closed curve t\ : [0, 1] — S that belongs to E and satisfies 

(2.5) L^„(ro)=L^,(T,). 

Finally, Equations 2.4 and 2.5 yield 

L^xi^x) < L^xi^x) = L^oi^o) < L^o('^o) = ^^a(^a), 
and therefore Ljr^{crx) = Ljc-^ (tq). 

This proves Corollary 1.2. □ 



Remcirk. It is to be noticed here that the proof of Corollary 1.2 shows that for each non-trivial 
free homotopy class E for 5" and each A 6 (— Aq, Aq), there is a unique (up to reparameterization) 
closed curve := R/Z — ^ 5" in E of shortest ^^-length. 

Proof. 

Let a : T^ — > S and r : — > S be closed curves in S of (the same) shortest ^A-length 
(thus jFjv-geodesics) and prove they are equal up to a translation in T^. 

If there were po G a{T^)-^TT{V) and pi G t{T^)--tt{V) with po ^ t{T^) and pi ^ ct(T^), 
then the same reasoning as in the proof of Corollary 1.2 would lead to the existence of closed 
curves ao : — > 5" and tq : — > in E of shortest ^o- length with pq G (To(T^) and 
Pi G tq{T^). As Po ^ Pi- wc would get (Tq 7^ ^O) which is not possible since it is well known 
there is a unique (up to reparameterization) closed curve T^ — > 5 in E of shortest ^o-length 
since J^o is Riemannian hyperbolic. 

So, we have (T(T^)\7r(P) C t{T^) or t{T^)---tt{V) C a{T^), and this implies there exist 
to G and a neighborhood V of in such that a{t) = T{t + to) for all t G V. Thus 
a{t) — T{t + to) for all i G since a and 3 1 1 — > T{t + to) & S are J^^-geodesics. □ 



Last, we discuss the volume growth entropy, considered with respect to the Holmes-Thompson 
volume, which we now define. Let (M, !F) be an n-dimensional Finsler manifold. For each 
p e M, let B^M := {v G TpM \ J^(p, v) < 1} be the unit open ball in TpM for the norm 
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■), and {B^mY its dual set in T*M (recall that for any set X in a finite dimensional 
vector space V, we have X° :— {(p eV* \ ip{v) ^ 1 for all v e X} C V*). Then define the unit 
^-ball co-tangent bundle 

{B^mY [j{p}x{B^My 
peM 

= {(p, ip) e T*M I ip(v) ^ 1 for all v e S^M} C T*M. 

Let a; be the canonical symplectic form on T*M given by cu :— da, where a is the Liouville 
1-form on T*M, and 

Q := — g; A • - A g; 

n times 

be the canonical volume form on T*M. 

For any Borel subset A C M, define the Holmes- Thompson volume of A by 

Vol^(A) 7^ / 

where (S-^M)°^ := {(p, ip) e [B^M)° \ p e A] Q T*M and C„ is the volume of the unit open 
ball in n-dimensional Euclidean space. 

The Holmes-Thompson volume generalizes the Riemannian volume in the sense that if is 

the Finslcr metric associated with a Riemannian metric g on M, then Voljr = vol^,. Note that 
for a Finsler manifold there is another choice of volume that generalizes Riemannian volume 
called the Busemann volume which corresponds to the Hausdorff measure (see [6], page 192). 
It is to be mentionned that partial results concerning the entropy rigidity question have been 
obtained using the Busemann volume (see [18] and [5]). Moreover, to get a taste of the difference 
between these two notions of volume in Finsler geometry, one may have a look at [1] . 

Remark 2.1. 

(1) If J^* : T*M — >Ris the dual Finsler metric of defined by 

T*{p,ip) :— m.&yi{ip{v) \ v G TpM and T{p,v) — 1}, 
then, for each p e M, we have 

{B^Mf = BfM := {(f e T;M \ J^*{p, < 1} C t;M. 

(2) Given any Riemannian metric g on M, we have the formula 

VoV(A) = ^ [ vol,.(,)((i?fM)°)dvol,(p) 

for any Borel subset A C M, where g*{p) is the dual scalar product of g{p) on T*M 
and volg*(p) its associated Haar measure (see [7]). 
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(3) In case the Finsler metric T is smooth and strongly convex, let Qjr be the symplectic 
volume form on TM^{0} associated with defined as the puUback of the canonical 
volume form on T*M by the Legendre transform TM\{0} — > T*M induced by T (this 
map is a local diffeomorphism since J- is strongly convex). 
Then we can write 



where B^M\a := {{p,v) e TM \ p e A and J^{p, v) < 1} C TM. 

We shall now use the Main Theorem together with the following key result by Ivanov to 
prove Corollary 1.3. 

Theorem 2.1 (Ivanov, [15]). Let A be an open Euclidean disk in R^, and consider smooth 
strongly convex Finsler metrics and ^ on R^. Assume that every two points in A can be 
joined within A by a unique (up to reparametrization) geodesic of and by a geodesic of^. 
Then, if d^{x,y) ^ d^J^x,y) for all x,y E dA, we have Vol5(A) ^ Vol;j„(A), where rf^j, and rfj 
are the metrics induced on dA by the distance functions on R^ associated respectively with '^q 
and 5". 

From this, we get 

Consequence 2.1. Let ^ be a smooth strongly convex Finsler metric on without conjugate 
points and such that every two points in V can be joined by a geodesic of ^ whose image is 
contained in V. Then, if d:^ = dpo, we have 'Vol^{V) = VolFoiL)). 



First of all, the hyperbolic Finsler metric Fq is smooth and strongly convex, and every two 
points in can be joined by a unique (up to reparametrization) geodesic of Fq. Therefore, 
since V is an open ball in (H^,Fo), the unique (up to reparametrization) Fg-geodesic joining 
two points in T> has its image contained in T>. Thus, ^ dpo yields Yol^{T>) ^ VoIfo('D) by 
Theorem 2.1. 

On the other hand, since the smooth strongly convex Finsler metric ^ has no conjugate points, 
every two points in V can actually be joined within D by a unique (up to reparametrization) 
geodesic of 5^. So, using d:g ^ dp^, we have Yo\^{V) ^ 'VoIfq{V) still by Theorem 2.1. 




Proof. 



Conclusion: Vol^{V) = VoIfo{V). 



□ 



Let us now prove the following two independent lemmas: 



Lemma 2.3. Let T be a Finsler metric on S such that 



(1) dp = dpo, 

(2) F{x, u) = Fo{x, u) for all x e H^^r{V) and u e T^H^. 
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Let c> be a constant such that diami?(r') ^ c and dia.mFo{'D) ^ c. Then for allx G H^^r(P) 
and R> c, we have 

Bpoix, R-c)C Bf{x, R) C Bfo{x, R + c). 

and 

Lemma 2.4. Let J-' be a Finsler metric on S such that 

(1) Yo\F{V) = Yo\FiV), 

(2) F{x,u) = Fo{x,u) for all x G ll'^-^T{V) and u G T^H^. 

Let c> be a constant such that diami?(r') ^ c and dia.mFo{'D) ^ c. Then for allx G H^^r(P) 
anc? > 2c, we have 

Vo\f{Bf,{x, R-c))^ Vo\f,{Bf,{x, R)) ^ Vo\f{Bf,{x, R + c)). 

Proof of Lemma 2. 3. 

Let X e H2xr(P) and y G H^. 

We will show 

Dfo{x, y)-c^ Df{x, y) ^ DFa{x, y) + c, 
which immediately implies the result. 

Let us fix distance minimizing geodesies [x,y]F and [x, i/ji?^ for F and Fq respectively con- 
necting X to y. 

By Lemma 2.2, we know that if y G H^\r('D), then Df{x, y) — Dfq{x, y), and the inequalities 
above hold. 

So, suppose y is in a connected component C of r('D) and let bfq and cf be the points at 
which respectively [x, y\Fo and [x, y]^ enter C the first time {sfq and e^^ lie in 9C, see Figure 2). 

As diamj7„(I?) ^ c and diam/r(X') ^ c, we have DFo{eFo,y) ^ c and DF{cF.y) ^ c. Further- 
more, by Lemma 2.2 and since x, eF„ and Cf all lie outside T{V), we have Df{x, Cf) = L)fo{x, Cf) 
and DF{x,eFo) = DF^Xx,eF^^)■ Thus 

DF{x,y) ^ DF{x,eF) + DF{eF,y) ^ .0^0(2^, e^) + c 

and 

-DFo(a;, y) ^ -Dfo(2;, Cfo) + DFo{eFo,y) < Df{x, Cfo) + c. 
We conclude that 

Dfo{x, y) - c ^ Df{x, y) ^ -DFo(a;, y) c, 
as claimed. □ 
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X 




Figure 2. Proof of Lemma 2.3 

Proof of Lemma 2.4- 
Let a; e and R > 2c. 

By assumption (1), we have Vo1f(7(X')) — Vo1f(j(7('D)) for each 7 e F since F is a group of 
isometrics for both F and Fq. 

On the other hand, by assumption (2), Borel sets in not intersecting T(T>) have the same 
Holmes-Thompson volume with respect to Fq as with respect to F (the boundary of T{V) being 
a set of zero measure for both Holmes- Thompson volumes) . 

Let U be the union of the connected components of F('D) that intersect dBF^{x, R). Then 

Yo\f{Bf,{x, R)^U) = Yo\f,{Bf,{x, R)^U) 

and 

Yo\f{Bf^{x, R)UU)= VolFoiBpoix, R)UU). 

Since for each connected component jiV) (7 e F) of F(I?) we have diamFoijiV)) ^ c and 
diami;'(7('D)) ^ c, one gets 

Bfo{x, R-c)C Bfo{x, R)--U C Bfo{x, R) C Bfo{x, R)UUQ Bf^x, R + c), 

and hence 

VoIf{Bf,{x, R-c))^ VoIf,{Bf,{x, R)) ^ yolF{BF,{x, R + c)). 

□ 

Before proving Corollary 1.3, we need the following lemma about the volume growth entropy: 
Lemma 2.5. Let T be a Finsler metric on S such that 
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(1) dp — dp^, 

(2) Yo\f{V) = VolpoiV), and 

(3) F{x,u) = Fo{x,u) for all x e U^^r{V) and u e T^H^. 
Then h{F) = /i(Fo). 

Proof. 

Choose X e H^^r{V) and R > 2c. 
By Lemma 2.3, we have 

Bpoix, R-c) C Bf{x, R) C Bpoix, R + c). 

Therefore 

Yo\f{Bf^{x,R- c)) ^Yo\f{Bf{x,R)) ^Vo\f{Bfo{x, R + c)) , 
and hence, by Lemma 2.4, 

Vo\fo{Bfo{x, R - 2c)) ^ Vo\f{Bf{x, R)) ^ Vo\f,{Bf,{x, R + 2c)) . 

But 

h{Fo) = lim 4 log {YoIfo{Bfo{x, R - 2c))) = hm ^ log {Yo\f,{Bf,{x, R + 2c))). 

R— >+oo K R-^+oo K 

Thus h{F) = h{Fo), as desired. □ 



We are now able to prove Corollary 1.3. 

Proof of Corollary 1.3. 

Let £ > and ^ : (— £, e) x TS — > R as given by Lemma 2.1. 

Fixing A G (—£,£:), the smooth strongly convex Finsler metric F\ on satisfies points (4) 
and (6) of Lemma 2.1, and thus the hypotheses of Consequence 2.1. Furthermore, as it satisfies 
point (3) in Lemma 2.1, we then get Yo\fJ(D) = 'VoIfo{'D) by Consequence 2.1. 

So, by point (5) in Lemma 2.1, Fx satisfies all the three hypotheses of Lemma 2.5. Therefore, 
according to this latter lemma, h{Fx) — /i(-Fo), or equivalently h{J^x) — /i(J^o)- 

Now, let U be an open set in such that T> ^ U and 7r\u is injective as in the proof of 
Lemma 2.1. Then tt induces isometrics from {U,Fx) onto {7r{U),J-'x) and from {U,Fq) onto 
(7r([/), j^o), which yield Vol^,(P) = VoV,(7r(P)) and Vo^P) = VoV„(7r(P)). 

Hence Vol^,(7r(P)) = Vol^„(7r(P)). 

On the other hand, point (5) in Lemma 2.1 implies that J-'o{p, v) = J-'o{p, v) for allp e S'^Tr{V) 
and V e TpS. Thus Vol^,(5^7r(P)) = Vo\:F,{S^n{V)), and finally Vol^^(,S) = Vol^o(5). 
Conclusion: h{J^xf ^ol^^iS) = /i(J^o)^ VoVo(5). 

This finishes the proof of Corollary 1.3. □ 
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3. Proof of the Main Theorem 

Throughout all this section, denote by (■, ■) the usual scalar product in and | • | its 
associated norm. Let := {p e | |p| < 1} C R^ endowed with the Klein metric go that is 
given by 

(3-1) 9o{p)-{v,w) := ^—j^ + _ ^^^^^^ 

for all p e H2 and v,w e TpR^ = R^. 

Thus (H^jfl^o) is a model of the hyperbohc plane where images of the geodesies are affine 
segments. 

For each r e (0, 1], let 

V{r) := {peB3 \ \p\ < r} C H^. 

Finally, fix an arbitrary R G (0, 1), let T) := 'P(-R), and denote by dg^ the induced metric on 
dV by the distance function on associated with go. 



3.1. Arcostanzo's construction. 

In [2], Arcostanzo gives conditions on a distance d on &D and a set 6 of parameterized 
curves 7 : [0, 1] — > T> in such a way that there exists a Finsler metric F on P whose associated 
distance on T) extends to a distance on V that induces the metric d on dV and such that 
{71(0,1) 17^6} coincides with the set of maximal geodesies of T after reparametrization by 
(0, 1). We will state this result precisely in the specific case when the distance on &D is dg^, 
though more general results are established in [2]. 

We begin by giving Arcostanzo's conditions on a set of parameterized curves. 

Definition 3.1. A set 6 of parameterized curves 7 : [0, 1] — > R^ is said to be admissible for 
V if and only if the following properties hold: 

(1) each 7 e 6 is C°°, regular, injective, and satisfies 7((0, 1)) C V; 

(2) for each 7 e 6, we have 7(0), 7(1) e &D] 

(3) for any p,q with p ^ q, there exists a unique (7, to, ti) E & x [0, 1] x [0, 1] such that 

P = 7(^0) and q = 7(^1) with to < ti] 

(4) for any p E T) and v G TpV = R^ with v ^ 0, there exists a unique (7,^) G 6 x (0, 1) 
such that p = j{t) and 7'(t) is parallel to v with the same direction. 

For Arcostanzo's construction to yield a Finsler metric and not just a distance on V, a certain 
amount of regularity is required about the way the end points 7(0), 7(1) G dV depend on the 
parameterized curve 7 G 6. 

More precisely, given & an admissible set of parameterized curves for V, for each x G dV 
and p eV, there is a unique 7 G 6 such that x — 7(0) and p G 7([0, 1]) according to point (3) 
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in Definition 3.1. Setting (t{x,p) := 7(1), we then get a map a : dV x V — > dV we will call 
the 'end point map' associated with 6 (see Figure 3). 




Remcirk. For any x,y & dV and p &T>, we obviously have: (j{x,p) = y <(=^ cr{y,p) = x. 

Definition 3.2. An admissible set of parameterized curves & for V satisfies Arcostanzo's 
Property (C) if and only if 

(1) the associated 'end point map' a : dV x T> — )• dT> is C°°, and 

(2) for every (x, p) e dV x V and every v e TpV — with v 0, we have the equivalence 

— {x,p)-v — <^=^ V and j'{t) are parallel vectors, 

where (7, t) is the unique element in © x (0, 1) such that x = 7(0) and p = 7(t) according 
to point (3) in Definition 3.1 (with to — and ti —t). 

Remcirk 3.1. Point (2) in Definition 3.2 can be reformulated in another way: 

For every {x,p) e dT> x T> and every v e TpT> — R^ with v 7^ 0, we have the equivalence 

dc 

— {x,p)-v — <^=^ {x — e~{p,v) or x — e'^{p,v)), 

where e~{p,v) := 7(0) and e'^{p,v) := 7(1) if 7 denotes the unique parameterized curve in & 
given by point (4) in Definition 3.1. 
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Arcostanzo points out, for example, that the set of maximal geodesies in T> (reparameterized 
by [0, 1]) of a negatively curved Riemannian metric on an open neighborhood of T> is admissible 
for V and satisfies Property (C) (see [2], page 242). 

We can now state Arcostanzo's result: 

Theorem 3.1 ([2], Theoreme 2, page 243). Let & he an admissible set of parameterized curves 
for T> that satisfies Property (C). Then there exists a unique Finsler metric F on V whose 
associated distance function on V extends to a distance on V that induces the metric dg^ on 
dV and such that {7|(o,i) | 7 ^ &} coincides with the set of maximal geodesies of F after 
reparametrization by (0, 1). Its precise formula is given by 



da 

— {x,p)-v 
op 



dx 



for any (p, v) e TV = V x H'^, where \ ■ \ stands for the canonical Euclidean norm on and 
dx denotes the canonical measure on the Euclidean circle &D — RS^. 
Moreover, this Finsler metric is smooth. 



Remark 3.2. 

(1) Given xq — i?e**° and yo — Re^^° in dV = RS^ such that Xq^ y^, the partial derivative 

d'^d d^f 

{xq, yo) is defined as to be equal to (to, so) £ R, where f{t, s) — dgg{Re^*, Re^^) 

for all t, s e R. 

(2) Arcostanzo's result applies here since g^ is the hyperbolic metric and an easy computa- 

tion then shows that ^' (x, y) > for any x, y G dV with x ^ y. 

oxoy 

(3) By uniqueness of F in Theorem 3.1, if we choose & to be the set of maximal geodesies of 
gQ in T> after reparametrization by [0, 1] (whose images are the chords of the Euclidean 
circle 51?) , then we get that F equals the restriction to TT> of the Finsler metric Fq on 

associated with g^. 

(4) If we choose © to be the set of maximal geodesies in V (reparameterized by [0, 1]) of a 

negatively curved Riemannian metric on an open neighborhood of T> (the set & is then 
admissible for T> and satisfies Property (C) as shown by Arcostanzo in [2], page 242), 
the unique Finsler metric on T> we get by Theorem 3.1 is not Riemannian. 

(5) The existence of a unique Finsler metric F on D given by the formula in Theorem 3.1 
still holds without the assumption that the admissible set of parameterized curves S 
for T> has Property (C), but in that case F is not necessarily reversible nor smooth. 



Remark 3.3. Although it is not written in [2], the fact that F is a smooth Finsler metric on 
T> can be proved as follows. 
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Proof. 

Consider the map T : X> x x 9X> — > H? defined by 

1 d'^d da 
T((p,^;),x) --^^{x,a{x,p)) — {x,p)-v. 

Since dg^ is C°° on {&D x dV)-^{{x,x) \ x e &D} and a is C°° on dV x V (point (1) 
in Definition 3.2) which satisfies a{x,p) ^ x for all e 91? x D, the positive function 

ix.-p) 1-^ 7— |^(a:, (t(x, p)) is C°° on 9P x D, and therefore T is C°°. 

axay 

This implies in particular that T is continuous, thus the function F : TT> — T> x R^ — > R 
in Theorem 3.1 given by F(p, = / \T{(p,v),x)\dx is well defined and continuous. 

JdV 

On the other hand, for any {{p,v),x) E T) x (R^"^{0}) x dV, the vector —{x,p)-v E R^ 
vanishes iff a; = e^{p,v) or x = e+(p, f) (point (2) in Definition 3.2). So, given {p,v) E T) x 



(R2\{0}), the differential 



<9|T| 



and writes 
a|T| 



d{p, V 



-{{p, v),x) E L(R'^, R) exists for all x E &D^{e (p, v), e'^{p, v)} 



d{P: V) 



{{p,v),x)-{w,i) 



d\T\ 
dp 



dT 

{{p,v),x)-w+ —{{p,v),x)-i 



%iip, v),x)-w, T((p, v),x)) + (Tip, ^, x), T((p, v),x)) 



m(p,v),x)\ 

for every w,^ e R^ (notice that T is hnear with respect to v). 

Therefore, if we fix r > and take < |^;| ^ r together with jwl ^ 1 and |^| ^ 1, we get 



d\T\ 



d(p, v) 



{ip,v),x)-{w,C) 



dT 
dp 



{ip,v),x)-w 



(by Cauchy-Schwarz inequality) 



|T((P,-),^)||, 



where ||-|| and |||-||| are respectively the operator norms on L(R^,R^) and L2(R^ x R^,R^) 
(bilinear maps from R^ x R^ to R^). 



Since T is C°°, the functions {x,p) i— > ||T((p, ■),x)\\ and {x,p) 



are contin- 



uous on dV X V. So, given any r E (0, R), the compactness of dV x V{r) implies that there 
exist positive constants Ai and A2 such that 

dT 



\T{{p,-),x)\\^Ai and 



dp 
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for all {x,p) edVx V{r). 

Conclusfon: for any p e Vir), v e such that < ^ r, a; e d'D^{e^{p, v), e^{p, v)} and 
w,^ e with 1^1 ^ 1 and |^| ^ 1, we have 

a|T| 



-{{p,v),x)-{w,i) 



^ tAi + A2. 



d{p, v) 

Now, since {e~{p,v),e'^{p,vy\ is a set of zero measure with respect to dx, we obtain from 
Lebesgue's dominated convergence theorem (see for example [10], page 123) that the Finsler 
metric F on D is differentiable on T>{r) x {f G R^ | < |u| < r}. 

As this holds for arbitrary r G (0, R) and r > 0, we eventually get that F is differentiable on 
V X (R2^{0}) = TP--{0} with 



d{p, v) 



f c) I I 



Finally, using the same reasonning as above, one can show by induction that for every n G N 
the Finsler metric F is n times differentiable on TP\{0} with 



This proves that F is smooth. 



{p,v) 



(9"|T| 
'dvd{p,vy 



((p, v),x)dx. 



□ 



Now, using Theorem 3.1, our aim is to construct a 'good' family (SA)Ae(-££) admissible 
sets of parameterized curves for V satisfying Property (C), from which we shall later be able to 
get a family (FA)Ae(-£e) '^^ Finsler metrics on as needed in the Main Theorem. But, as we 
already mentionned, the main difficulty will be to ensure these Finsler metrics be smooth on 
the whole space (and not only on the disk V) and coincide with the Riemannian hyperbolic 
metric go outside V. Given any A G {—£,£) and according to Theorem 3.1, it seems reasonable 
to ask all the parameterized curves in &\ to coincide with the geodesies for qq in a neighborhood 
of dV (note that since (H^, qq) has been chosen to be the Klein model of the hyperbolic plane, 
the images of the ^fQ-geodesics are affine segments, thus very easy to be dealt with) . However, 
we also want the Finsler metric F^ not to be Riemannian, and this will be the case if we choose 
&\ to be the set of the parameterized curves obtained as a 'barycenter' of the geodesies for go 
and the geodesies for some 'good' Riemannian metric g\ conformal to go- 

The advantage in constructing a family (©A)Ag(-e e) this way is that all the Finsler metrics 
of the associated family (Fa);^^^.^^) obtained by Arcostanzo's theorem will satisfy the desired 
properties listed in the Main Theorem, but this construction will have a cost. Indeed, proving 
that the set &x of parameterized curves is admissible for T> and has Property (C) is not easy 
and will be done at the expense of great effort. This is why we will have to make very technical 
considerations just in order to ensure admissibility and Property (C) for the family (©A)Ae(-£ e)- 
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3.2. Constructing a family of admissible sets of parameterized curves. 
3.2.1. The setting. 

We will now construct a family of admissible sets of parameterized curves for T> by inter- 
polating between the maximal geodesies for the hyperbolic metric qq on and those for a 
nearby Riemannian metric of non-constant curvature that is conformal to qq. 

More precisely, let A be the Laplacian for qq and fix a regular eigenfunction : V — > R of A 
on V associated with the first eigenvalue a of A and satisfying the Dirichlet condition %lj\dv = 0. 
It is then well known that a > and that if) can be chosen to be positive on T). Furthermore, 
as Qq is invariant under the group O(R^) of linear Euclidean isometrics (i.e., A*gQ = go for all 
A e 0(R^)) thanks to Equation 3.1, we get that ip is 0(R^)-invariant. 

Next, let 9 : — > R be any C°° function that is 0(R^)-invariant and such that ^ = 1 on 
V{R/4) and e = on H^^V{R/2). The new fimction / : — . R defined by 



[0 ifpeH^^V 



is thus C°° and 0(R2)-invariant, together with / = on li^-^V{R/2) and A/ = af on V{R/4). 
In particular, since a > and ip is positive on T>, there exists a number 5o > such that 
(A/)(p) ^ l/5l for aU p e P(i?/4). 

Proposition 3.1. The function 

a : (So, So) X H2 — . R 

(A,p) I — > a{X,p) = ax{p) := e^^'^^f) 

is C°° and satisfies the following: 

(1) ao = 1; 

(2) for all A G (— ^o; ^o) one? p G H^"^'D(i?/2), we have a.x{p) — 1; and 

(3) for all A G (— ^oj^o) wil'h A 7^ 0, the Riemannian metric g\ : — ^ Sym2(TH^) 
defined by g\{p) = o:x{p)go{p) is C°°, complete, and has non-constant negative Gaussian 
curvature on any neighborhood about in H^. 

Proof. 

The only two things to be proved deal with completeness and Gaussian curvature, since all 
the other points are clear. 

So, fixAG(-5o,^o)-{0}. 

• Step 1: To prove gx is complete, we will use the Hopf-Rinow theorem. 

Let X be a closed set in that is bounded for gx, and prove it is compact. 

We have X = X1UX2 with Xi = X n P and = X n (H^^P). As Xi is closed in the 
compact set "D, it is compact. 
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On the other hand, X2 is included in the open set (H^\D(i?/2)) of on which gx coincide 
with qq. So, X2 is bounded for qq, and hence compact since the Klein metric qq is complete. 

Conclusion: X — XiU X2 \s compact. 

• Step 2: The Gaussian curvature K\ of the metric gx depends on that Kq = —1 of go 
according to the formula axKx — Kq — A{\n{ax))/2 (see for example [12], page 97), which 
implies Kx{p) = -(1 + A2(A/)(p))e-2^'^(f) for all p E U\ Thus, for every p e V(R/A), we 
have Kx{p) < since 1 + X'^{Af){p) ^ 1 - X^/S^ > 0. 

On the other hand, given r G (0, -R/4), if Kx were constant on X>(r), there would exist C e R 
such that for all p e 'P(r), 

ln(l + A2(A/)(p))=2AV(p) + C, 

and hence 

(3.2) \nil + a\'fip))=2X'fip) + C 

since A/ = af on V{r) C V{R/4) by construction of /. 

Defining to :— min{/(p) | p e 2^(r)} and ti :— max{/(p) | p e I'(r)}, Equation 3.2 writes 

(3.3) ln(l + aXH) = 2A2i + C 

for alHe [to,ti] =/(^). 

Since the function / coincides with -0 > on Vi^R/A), it never vanishes on V{r), and 
hence it cannot be constant on T>{r) (indeed, if / were constant on X>(r), then we would have 
/ = {Af)/a = on T>{r) C 'D{R/A)). Therefore we have < ti, which makes sense to 
differentiate Equation 3.3 with respect to t and get 

1 + aXH 

for all t e [to,ti]. 

But this is impossible since a 7^ and A 7^ 0. 

Conclusion: the Gaussian curvature Kx cannot be constant on I?(r). □ 

Let us now show how we use Proposition 3.1 to construct a family (6a)ag(-5o 5o) '^^ ^^^^ 
parameterized curves 7 : [0, 1] — > we will prove later they are admissible for V and have 
Property (C). 

For each A G {—60,60) and x G H^, denote by exp^ : T^H^ = R^ — > the exponential 
map at x associated with gx, and let exp^ : TH^ = x R^ — > x be defined by 
exp^(x, v) = {x,exp-^{v)). Since gx is negatively curved, it has no conjugate points and thus 
exp^ is a C°° diffeomorphism. In particular, gx is uniquely geodesic. 
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We next fix a C°° function p : R — > [0, 1] such that 

(1) p = Ion [1/2,2/3]; 
(3.4) (2) p = on [3/4, +oo); and 

(3) p{t) = p{l-t) for all t e R. 

Given any A e (-^o, So) and x e H^, let : x R — ^ and (/?^ : x R — > R^ be 
defined by 

G^,{y,t) := exp\x , t{exp^,)-\y)) 

and 

^^(l/, t) := (1 - p{t))GUy, t) + p(t)G^(|/, t). 

Roughly speaking, we obtain the parameterized curve 93^(1/, •) : R — ^ R^ as the 'barycenter' 
in R^ with 'weights' I — p and p of the unique maximal geodesies •) and G^{y, •) for go 

and g'A respectively passing through x ai t — and y at i = 1 (see Figure 4) . 




In the rest of this section, we prove that if we shrink 60 > 0, then for each A G {—So, Sq), the 
set of parameterized curves (p^iy,-) : [0, 1] — > R^, where x and y are distinct points in dV, is 
admissible for V and satisfies Property (C). 

Then, in section 3.3, we prove these parameterized curves have additional properties that 
will be used to ensure that the Finsler metrics resulting from Theorem 3.1 satisfy our Main 
Theorem. 

In the following technical lemma, we show that for any A e (— ^o, ^o); if C is a closed convex 
set in R^ containing the open disk T>{R/2), then C n is in some sense convex with respect 
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to the set of parameterized curves G'^{y, ■) : [0, 1] — > (respectively (f^iy, •) : [0, 1] — > R^), 
where x,y E C (1 H^. 

Lemma 3.1. For each X e {—So,So), we have 

(1) <f^{y,t) = fy{x, I -t) for all x,y eH^ and t eR, 

(2) if C is any closed convex set in R^ such that V{R/2) C C, then G'^{y,t) e C and 
(p^{y, t) eC for all x,y e C n and t e [0, 1], 

(3) for all x,y & &D and i e R, the equivalence (Pxiu^ ^) £ ^ *^=^ t £ (0, 1) holds. 

Proof. 

Fix A e {-So, So). 

• Point (1): Given any x,y E H^, the parameterized curves t G R i— > G^{y,t) G and 
t E R ^ Gy{x,l — t) G are both ^r^-geodesics passing through x at i = and y t — 1. 
They are thus equal since g\ is uniquely geodesic. Then point (1) follows from property (1) in 
Equation 3.4 satisfied by the function p. 

• Point (2): Let C be a closed convex set in R^ such that V{R/2) C C. Let x,y E CnH^, 

and consider the (yfA-geodesic k, : R — > defined by K{t) := G^{y,t). 

We shall now prove by contradiction that the image of k is included in C. Then, since the 
image of the ^fQ-geodesic G^^{y, ■) is in C , we will get that the image of the interpolated curve 
</7^(y, •) is also in C. So, let us suppose that there exists to G [0, 1] such that po — K,{to) ^ C 
and prove this is not possible. 

Let To := max{t G [0,to] I i^{t) ^ C} and Ti := min{i G [to, 1] | K{t) G C} (note that tq and 
Ti exist since k(0) = x E C and k(1) = y E C). 

Then tq < to < ^i, and for all t E {to,Ti) we have K{t) ^ C, which implies that k{{to,Ti)) is 
the affine segment ]«(ro), h{ti)[ since the metric gx coincides with go on the open set H^^C of 
(recall images of the g^o-geodesics are affine segments). But ]k.{to), k.{ti)[<^ [k.{to) , k.{ti)] C C 
since k{to),k,{ti) E C and C is convex. As po — K{to) E k{{to,Ti)) — ]k{to) , k{ti)[, we get a 
contradiction. So, fi;([0,l]) C C. 

On the other hand, the image of [0, 1] under the giQ-geodesic G'^{y, ■) is the affine segment 
[x, y], which lies in C since x,y E C and C is convex. 

Finally, for all t E [0, 1], the barycenter point (1 - p{t))Gl{y,t) + p{t)G^{y,t) = (p^{y,t) is 
contained in the convex set C. 

• Point (3): Let x,y E dV such that x y (the case x — y is trivial). 

To prove the part, we show that ip^{y,t) ^ T> for all t E R~^(0, 1). The idea consists 

here in saying that if the parameterized curve '■f'^{y, ■) leaves the disk V, then it is equal to 
a gfo-gcodcsic. Hence, since the image of any geodesic for go is an affine segment, (p'^{y, ■) can 
never go back into T>. 

So, let c : R — >■ be the gfQ-geodesic defined by c{t) := G^{y,t). As the images of 
g^o-geodesics are affine segments, we can write c{t) — x + 0{t){y — x) for all t E R, where 
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9 : R — > R is a C°° function. Since c is a regular parameterized curve (it is a non-constant 
geodesic for a Riemannian metric) satisfying c(0) = x and c(l) = y, the derivative of 6 never 
vanishes and we have ^(0) = and ^(1) = 1. Therefore 9 is an increasing homeomorphism with 
^([0,1]) = [0,1]. 

This imphes that c(R"^(0, 1)) is equal to the complement of the affine segment ]x,y[ in the 
intersection of the straight line [xy) with H^. Since ]x, y[ is the intersection of {xy) with D, we 
get the inclusion c(R^(0, 1)) C H^^P. 

But ip'^{y,t) = c{t) for all t e R^(0, 1) since p = on R"^(0, 1) by property (2) in Equa- 
tion 3.4, and thus ip^{y, ■)(R^{0, 1)) = c(R\(0, 1)) C IP^V. 

This establishes the =^ part in point (3). 

To prove the <^= part, let z/ : R — ^ be the ^f^-gcodcsic defined by uit) := G'^{y,t). 

Applying point (2) with C = V, we already have z/((0, 1)) G V. Then suppose there exists 
to G (0, 1) such that Pq = z/(to) ^ dV and prove this is not possible. 

Since po lies in the open set H^"^'D(i?/2) of H^, the continuity of u at to implies there exists 
e > such that [to - e,to + e] C [0, 1] and z/([to -e,to + e]) C H^\r'(i?/2). But gx agrees with 
go on H^\X'(i?/2), so ^{t) = Gl{y, t) for all t e [to - e, to + e], and thus i/([to -e,to + e]) is the 
affine segment [i'(to — s),u(to + s)]. Hence (to — £), ^^(^0 + ^) £ Pwithpo £ [i^(*o — e), i^(*o + £)], 
which is impossible since po G &D is an extreme point for the convex set V. This shows that 
u{{0,l))CV. 

On the other hand, the image of (0, 1) under the (^o-gcodesic G^y, •) is the affine segment 
]a;, |/[, which lies in V since x,y E dV and V is strictly convex. 

Finally, for all t G (0, 1), the barycenter point (1 - p{t))Gl{y,t) + p{t)G^{y,t) = ^l{y,t) is 
contained in the convex set T). □ 



We now consider the C°° map $ : (-5o, 5o) x 9X> x ax> x R — > dD x defined by 

$(A, (x, y, t)) = <^>x{x, y, t) := {x, ^^{y, t)) 

and denote by A :— {{x,x) \ x e dV} the diagonal of dV x dT>. 
Using this map we shall prove that for all A G {—Sq, So), the set 

<3a := {7(1,) I (a;,2/)G(aPxaP)-A} 

of C°° parameterized curves I'l^^y) '■ l^^'^] — ^ defined by 7^j,)(t) VxiVi^) admissible 
for I? and satisfies Property (C) provided 5o > is sufficiently small. 
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3.2.2. Diffeomorphism property for <I>a- 

Let T {{x,p) E dV x \ p - x e T^dV} = {{x,p) G 9P x | {x,p-x) = 0}, 
M := {{dV X dV)^A) X (R^{0}) and N := {dV x H'^)^r. 

The aim of this section is to prove the following: 

Proposition 3.2. 

(1) For every A e {-5o,So), we have ^x{M) C N. 

(2) There is a & (0, Sq) such that $a ■ M — > N is a diffeomorphism for each A e (—a, a). 

Thanks to this key proposition and Corollary 3.1 below, we will be able to prove that the set 
&x satisfies properties (1), (3) and (4) in Definition 3.1 (admissibility) together with point (2) 
in Definition 3.2 (Property (C)) after a suitable shrink of a > 0. Then, since property (2) in 
Definition 3.1 is obvious by construction of &\ and since point (1) in Definition 3.2 will be a 
consequence of Proposition 3.3 below, &\ will finally be a set of parameterized curves that is 
admissible for V and has Property (C). 

Now, the argument to prove Proposition 3.2 consists in saying that since it is obviously true 
for A = 0, it still remains true for any A that is very close to 0. 

In order to apply this perturbation argument in a rigorous way, we will make use of two 
classical results in algebraic and differential topology we recall here: 

Lemma 3.2 (Covering maps. See [11], page 109). Let X andY be Hausdorff topological spaces 
such that X is compact and Y is connected. Then any local homeomorphism f : X — > Y is a 
covering map with a finite number of sheets. 

and 

Lemma 3.3 (Regular points. See [13], page 35). Let A, M and N be C^ manifolds, and let 

F : A X M — > N 

{X,x) ^ F{X,x)^fx{x) 

be a C^ map. Let Xq E A, yo E N and K C. M be a compact set. Then, if every x E fx^^{yo) H/C 
is a regular point of /aq , there exists an open neighborhood U of Xq in A such that for each 
X E U, any x E fx^{yo) n K is a regular point of fx. 

Proof of Proposition 3.2. 

The proof will consist in five steps. 

After showing that ^q{M) C N and $0 '■ M — > N is a, bijection, we first prove that $0 
is a local diffeomorphism. We use this and Lemma 3.3 (Regular points Lemma) to find a 
value a E (0, 5o) such that for each A E {-a, a), ^x{M) C N and $a : M — > N is also 
a local diffeomorphism. Next, we use Lemma 3.2 (Covering maps Lemma) to obtain that 
$A '■ M — >■ is a finite sheeted covering map. Finally we prove there is a point in A^ at 
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which the number of pre-images for this covering map is 1, and conclude $a '■ M — > iV is a 
diffeomorphism . 

• Step 1: We begin by showing that ^o{M) C N and $o '■ M — )• N is a bijection. 

Since the images of ^fQ-geodesics are affine segments, for each (x, y, t) E {{dV x dV)'^A) x R, 
there is a unique real number u{x,y,t) such that (pKy,t) — G^^iy^t) = x + uj{x,y,t){y — x), and 
thus ^Q{x,y,t) = {x , X + uj{x,y,t){y — x)). The function uj : {{dV x dV)^A) x R — > R is 
therefore C°° by smoothness of $0) and satisfies the two following properties for each {x,y) e 
{dV X dV)^A: 

(i) uj{x, y,0) = and uj{x, y, 1) = 1; 
(ii) for any t G R, —{x,y,t) 7^ 0. 

For x,y E dV with x ^ y and t e R"^{0}, we then have {x , x + uj{x,y,t){y — x) — x) = 
uj{x, y, t) {x,y — x) 7^ since {x,y — x) 7^ {&D is a Euclidean circle), uj{x, y,0) = (point (i) 
above) and uj{x,y, ■) : R — > R is injective (point {ii) above). This shows ^o{M) C N. 

Now, given any {x,p) G N, let |/ be the intersection point of the straight line (xp) with 
&D. We have y ^ x, and thus we can write p — x + cu{x,y,t){y — x) with a unique i e R 
{iju{x,y, •) : R — > R is injective) which is not equal to since p ^ x. This proves there is a 
unique {x,y,t) e M such that ^o{x,y,t) — {x,p). Hence $0 ■ M — > N is a bijection. 

• Step 2: Let us prove $0 : M — > TV is a local diffeomorphism. 

Given any {x, y, t) G M, it suffices to show that the linear tangent map T(^x,y,t)^o '■ Ti^x.y.t)M — > 
Ti^Q(x,y,t)N is injective since the manifolds M and have the same dimension (equal to three). 

But for all {u, v, s) e T(x,y,t)M = T^dV x TydV x R, we compute 

T{x,y,t)^0-(U,V,S) = 

u, u+ i^^{x,y,t)-u + ^{x,y,t)-v + s^{x, y, t) | (7/ - x) + (jj{x, y, t) {v - u) 
So, if T^x,y,t)^o-{u, V, s) = (0, 0) G noix,y,t)N = TxdV x R^, we get 

= and u+ i^^{x,y,t)-u+^{x,y,t)-v + s^{x,y,t)^{y - x)+uj{x,y,t){v -u) = 0. 

Hence !^^{x,y,t)-v + s^{x,y,t)^{x - y) = uj{x,y,t)v. 

As V E TydV, the first member of this equahty lies in TydT> too, which implies 

(3.5) —{x,y,t)-v + s—{x,y,t)^0 

since x — y ^ TydV. Thus uj{x,y,t)v = 0, that is v = since u!{x,y,t) ^ (use t ^ and 
points (i) and (ii) in Step 1). 



u 
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Finally, replacing v — in Equation 3.5, we obtain s—{x,y,t) — and deduce s = from 
point (ii) in Step 1. 

Thus, $0 '■ M — > N is a, local diffeomorphism. 

• Step 3: Now we fix A e {—Sq, 5o) and show by contradiction that ^\{M) C N. 

Let (xo, p) E T and suppose there exist i/q G dV^{xQ} and G ^-^{0} such that ^\{xo, i/o, to) — 
{xo,p). Denoting by L the tangent line to dV at Xq, we have p E L. 

As p = on (—00,1/4] U [3/4, +cxd) by properties (2) and (3) in Equation 3.4, we have 
'Pxoiyo,t) = Gl^{yo,t) for all t G (-oo,l/4] U [3/4, +oo). Thus, if we had to e (-oo,l/4] U 
[3/4, +oo), we would get p — (fixgillo, to) — G'^oivo, to), ^-nd thus p would lie on the straight line 
i^oyo)- But this implies p = xq since {xqi/o) H L — {xo}, and hence Xq — C^^d/ojto), which 
means that %{xo,yo,to) = {xo,Xo) = $0(2^0, Z/o, 0). 

Since $0 • M — > N is injective, we then get to = 0, which is not possible. Therefore, we 
have to € [1/4,3/4]. But this is also impossible since by point (3) of Lemma 3.1, to G (0,1) 
implies that p = ip^^{yo, to) € V, and L n P is empty. 

• Step 4: Now, let i := R/VS > 0. Then any chord of &D that is tangent to &D{R/2) has a 
Euchdean length equal to Si. 

Define Q := {{x,y) e dT> x dT> : \y — x\ < i} and consider the compact set K := {{dV x 
dV)^n) X [1/4,3/4] C M. 

The complement of 7^ in M is the disjoint union of the open sets Ui :— (fl^A) x (R'^IO}) 

and U2 := {{dV x dV)^Q) x ((-00, 0) U (0, 1/4) U (3/4, +00)) of M. 

We will first show that for each A e (— ^o, ^0), $a '■ M — > N induces a diffeomorphism from 
M^K onto an open set in N. Then we will use Lemma 3.3 to find a number a e (0, 5o) such 
that for all A e (—a, a), M — > N is a, local diffeomorphism at any point in K. 

Fix A e {-So, So). 

For every (x, y) e Q^A, the image of the 510-geodesic G^{y, ■) : R — lies in the open set 
H^\D(i?/2) of since this image is equal to the intersection of the straight line (xy) with 
H^. As the Riemannian metrics gx and go coincide on H^'^'D(i?/2), we get that the (yf^-geodesic 
G^{y, ■) : R — > is actually equal to Gl{y, ■) : R — > H^. Hence, ($a)|c/i = {^o)\Ui- 

Next, using again the fact that p = on {—00, 1/4] U [3/4, +00), we have 'f^{y, t) = G'^{y, t) 
for aU {x,y,t) e dV x dV x ((-00, 1/4] U [3/4, +cx))). Thus, {^x)\u2 = (*o)|c/2- 

We conclude that we have {^\)\(m\k) = {^o)\{m\k), and hence $a '■ M — > N induces a 
diffeomorphism from M^K onto ^x{M~^K) — ^o{M~^K), which is an open set of N since 
$0 '■ M — > is an open map by Step 2. 

On the other hand, fixing {x,p) G A^, we have that the unique point {x,y,t) G M satis- 
fying ^o{x,y,t) = {x,p) is regular for the diffeomorphism $0 • M — > N, thus any point in 
$Q ^((x,p)) n X is regular for $0. We can then apply Lemma 3.3 to $ : {—So, So) x M — > N 
and get the existence of a number a G (0, (5o) such that for each A G {—a, a), all the points 
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in ^^^{{x,p)) n K are regular for $a '■ M — > N. As M and N have the same dimension, 
$A : — ^ is a local diffeomorphism at any point in K. 

Summing up, we proved that $a '■ M — > N is a. local diffeomorphism for every A e (—a, a). 
• Step 5: Prom now on, fix A e (—a, a). 

As $A : M^K — > ^x{M^K) is a diffeomorphism, what remains is for us to show that the 
map $A : K — > ^\{K) is one-to-one. 

Since $a : K — > ^\[K) is a local homeomorphism by Step 4 and K is compact and 
connected, we can apply Lemma 3.2 with X = K and Y = $a(A') in order to get that 
$A '■ AT — > $a(-^) is a covering map with a finite number of sheets. We complete the argument 
by finding a point in the image of this covering map at which the number of pre-images is 1. 

Choose {xo, yo, h) e AT with \yo - xo\ = 2£ and let p := f^^ivo, h)- 

Since any chord of dT> that is tangent to dT>{R/2) has a Euchdean length equal to 3£ and 

since |yo ~ ^^ol < Si, the straight line (xq^/o) does not intersect with V[R/2). Then wc have 
VxaiVo^t) = G'^oiVojt) for all t G R, and thus p = G'^^^{yo,to). Consider any yi G &D^{xo} and 
ti G [1/4,3/4] such that p = (p^^{yi,ti), and let us prove that yi = y^ and ti = to- 

Fix a closed half cone C in whose vertex is xq and that contains V{R/2) with yo ^ C 
(see Figure 5). 




Figure 5. The map $a : K — > ^x{K) is one-to-one 

We show by contradiction that yi ^ C. If we assume yi is in C, then point (2) in Lemma 3.1 
implies p = ip'^^{yi,ti) G C since ti G [0,1]. But this is not possible since p ^ C (indeed, 
we have yo ^ C and p = (7/0,^0) lies on the affine segment ]a;o,l/o[)- We conclude that we 
necessarily have yi ^ C. 
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It follows that the straight hne {xqI/i) does not meet V{R/2), and thus Lp^^{yi,t) = G'^^^{yi,t) 

foralli eR. Therefore, G°^(?/o,to) = P = V^xo(^i' ^i) = GSoll/i, ^i), or equivalently $0(2^0, yo, ^o) = 
{xo,p) — ^o{xo,yi,ti), which implies yi — yo and ti = to since $0 : M — > N is injective. 

In other words, we showed that $^^((a;o,p)) = {{xo,yo,to)} with {xo,yo,to) G K. Hence 
{xq,p) G ^\{K) and there is a unique point in the fiber of ^\ : K — > ^x{K) over {xo,p). 
This proves that the covering map $a • K — > ^x{K) has only one sheet, which implies it is 
bijective. 

But on the other hand, as we have seen that (^a)|(m^/<:) ~ (^o)|(M\ii:) ^0 '■ M — )• N is 
a bijection, the map $a '■ M^K — > ^x{M'^K) is also a bijection. 

Hence : M — > N is bijective. 

As we showed this map is a local diffeomorphism in Step 4, it is finally a diffeomorphism and 
this ends the proof of Proposition 3.2. □ 

For each A G (—a, a), we can now define the map ax : N — > dV by ax{x,p) := y, where 
y G dV is such that {x, y, t) is the unique point in M that satisfies ^x{x, y, t) — {x,p) according 
to Proposition 3.2 (see Figure 6). 




Figure 6. The 'end point map' ax 



RemcLrk 3.4. By the first point in Lemma 3.1, for any x,y,p G H^, we have the equivalence 
G N and ax{x,p) = y) <S=^ G N and ax{y,p) = x). 



Let us now prove the following useful result: 
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Lemma 3.4. Let A, M and N be & manifolds (k ^ 1 integer), and let {f\)x£A be a family of 
& diffeomorphisms from M to N. 

„6':AxM — ^ N . h : A x N — * Ax M . 

If r\ \ r / \ ^s of class L , then the map ^ ^^ zsaC 

{X,x) ^ fx{x) ^ (A,x) ^ (A,/a (^)) 

diff'eomorphism. 

InpaH^cular, ^ " ^ ^ , «»/da..C'. 

[A,X) I > J;^ [X) 

Proof. 

Since the map ^ ' ^ ^\^J^t w _ f \ at \ \\ of class C'^ and bijective, it 

[A,X) I > [A, Jx{xj) —: [A,U[A,x)j 

suffices to show it is a local diffeomorphism. But this is equivalent to showing that for any 

(A, x) e A X M, the linear tangent map T(A,a;)/i : T(A,a;)(A x M) — > Th(x,x){A x N) is injective 

since the manifolds M and N have the same dimension by hypothesis. 



Now, for all v) e 7(^,0^) (A x M) = TaA x T^M, we have 

( 99 99 ^ 

e, —{X,x)-^ + —{X,x)-v 

So, if T^x,x)h-{^,v) = (0,0) e T;,(A,,)(A x AT) = T^A x Tf^i.)N, we get 

e = and ^(A,x)-e + T,/A-^ = 0. 

Hence %fx-v = 0, which implies v = since fx is a diffeomorphism. 
Conclusion: is a diffeomorphism. 

Therefore, if tt : A x M — > M denotes the natural projection, tt o : A x N — > M is of 
class C^, which establishes Lemma 3.4. □ 

This lemma then implies 
Proposition 3.3. The map 

(—a, a) X N — )• 9V 
(A, (x,p)) I — > crx{x,p) 

Proof. 

If wc introduce the natural projection vr : x R^ x R — > R^ onto the second factor, we can 
write ax{x,p) = 7r{^^^{x,p)) for all (x.p) E N. Then, applying Lemma 3.4 with A := (—a, a) 
and fx '■= $A (which is a diffeomorphism by point (2) in Proposition 3.2), we get the result. □ 

A direct consequence of Proposition 3.2 is the following: 
Corollary 3.1. Given any X e {—a, a), we have 

(1) for every (x, y) e {&D x 91?)^ A, the C°° parameterized curve </7^(y, •) : R — > R^ is regular 
and injective, and 
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(2) for every {x,p) G N and V e K^^{0}, 

-^{x,p)-V — <^=^ V and —^{y,t) are parallel vectors, 
where p :— (f^{y, t). 
Proof. 

• Point (1): Let {x,y) e {dV x dV)~^^. 
For any i e R, we have 

, ^(y, t)) = ^(x, y, t) = (0, 0, 1) ^ (0, 0) 

since T(x-,y,t)$A '■ T(^x,y,t)M — ^ T^^(^x,y,t)N is one-to-one by Proposition 3.2, and therefore 
-K^{y, t) 7^ 0. Hence (f^{y, •) : R — > is regular. 

Let ^0,^1 e R such that (p^{y,to) = Then $A(a:;,y,^o) = ^x{x,y,ti). If to 7^ 

and ti 7^ 0, we have {x,y,to), {x,y,ti) G M, and thus to = ti since $a : M — > iV is injective 
by Proposition 3.2. If to 7^ and ti = 0, we get (p^{y,to) = (p^{y,0) which also writes 
(Py{x, 1 — to) = (Py{x, 1) by point (1) in Lemma 3.1. Since x ^ y, we have 1 — to 7^ 0, and thus 
1 — to = 1 in the same way as previously, ie., to = = ti. 

This shows that (p^{y, •) : R — R^ is injective. 

• Point (2): Let {x,p) e and F e R2\{0}. 

By Proposition 3.2, there are unique elements (x, y,t) e M, v e TydV and s e R such that 
{x,p) ^^x{x,y,t) and {0,V) ^T^^^y,t)^x-{0,v,s). 

Then we have the equivalences 

(since ax{^xix,y,t)) = y) 

^ {0,V) = T^^,y,t)^x-{0,0,s) = s^{x,y,t) = (o,s^{y,t) 

and we are done. □ 
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3.2.3. Admissibility and Property (C) for the set ©a- 

The following two propositions allow us to shrink a > so that for each A e (—a, a), the set 
of parameterized curves 6a = {7(^^ j^) I (x,y) e (dV X dV)^A} be admissible for V and have 
Property (C). 

Proposition 3.4. There exists a number b G (0, a) such that for all A e {—b, b) and p,q & V 
withp 7^ q, there is a unique {x, y, to, ti) e {{dV x &D)^A) x [0, 1] x [0, 1] such thatp — <f^{y, to), 
q = ^^{y,ti) and to < ti. 

This proposition will imply that &x satisfies property (3) in Definition 3.1 (admissibility) for 
every A e (—6, b). 

Proposition 3.5. There exists a number c e (0, a) such that for all A e {—c,c), p & V and 
V e B?^{0}, there is a unique {x,y,t) e {{&D x &D)^A) x (0,1) such thatp = fxiUji) o,nd 

—^{y,t) is parallel to V with the same direction. 

This proposition will imply that &x satisfies property (4) in Definition 3.1 (admissibility) for 

every A G (— c, c). 

In order to prove these two results, we need the following classical lemma from differential 
topology. This lemma allows us to show certain properties that are true for A = continues to 
hold for A e (—a, a) close enough to 0. 

Lemma 3.5 (Regular value. See [14], Theorem 2.7). Let A, M and N be manifolds, and 
let 

F : A X M — > N 

i\x) ^ FiX,x)=fxix) 

be a map. Given yo G A^, we have 

(1) if yo is a regular value of fx for all X E A, then yo is a regular value of F, 

(2) if yo is a regular value of F, then W — F~^{yo) is a submanifold of A x M with 
dimension equal to dim (A) + dim (M) — dim (N), and we have the equivalence 

VA e A, (yo is a regular value of fx) <^=^ (A is a regular value ofiriw '■ W — > A), 

where tt : A x M — > A is the natural projection. 

Proof of Proposition 3.4- 

Fix two distinct points p,q E V. 

• Case 1: Suppose p G dV (the case q G &D is similar). 

Then for each A G (—a, a), there exist a unique y G &D with y ^ p and a unique ti G R^{0} 
such that ^x{p,y,ti) = {p,q) by point (2) in Proposition 3.2 since {p,q) G N. Hence we have 
p = (^^(y, 0) and q = ^^{y, ti) with {p, y, 0) G {{dV x dV)^-^A) x [0, 1] and ti G (0, 1] by point (2) 
in Lemma 3.1 since q eT>. 
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Now, let {x\y\t'Q,t[) E {{dV x dV)'--A) x [0,1] x [0,1] be such that p = ¥?^/(2/',to) and 
q — (p^f{y', t[) with i'o < ^i- H we had > 0, then we would have G (0, 1), and thereforep e T> 
by point (3) in Lemma 3.1. But this is not true. So = 0, which implies x' — (fi^'iu', 0) = p, 
and hence ^\{p,y' ,t'^) = {p,q)- 

But we already had ^x{p,y,ti) = {p,q), thus y' = y and t[ — ti since ti,t[ e R^{0} and 
$A '■ M — > N is injective by point (2) in Proposition 3.2. 

• Case 2: Suppose that both p and q are in V. 

Consider the function F : (—a, a) x dV — ^ R defined by F(A, := fx{x) = dct(y/(x), 
where Vp{x) := ax{x,p)—x and V^{x) := ax{x, q)—x (see Figure 7). Thanks to Proposition 3.3, 
this function is C°°. 




Figure 7. Proof of Proposition 3.4 



Let Xq and yQ be the two intersection points of the strait line {pq) with &D. As the images 
of ^fQ-geodcsics are affine segments, we have ctq^Xq^p) = yo = aQ{xo,q), which shows that 
^"(2^0) = Uo — ^0 = ^qi^o) and thus /o(iCo) = 0. Similarly /o(|/o) = 0, and we actually have 
/o~^(0) — {^0, yo}- So, in order to prove is a regular value of /o, we have to show both xq and 
yo are regular points of /q. 

Let us prove Xq is a regular point of /o (arguments are the same for yo). 
For any u e T^q&D, we have 

%Jo-u = dei{V^{xo) , T,„F;-«) + dei{%,V^-u , V^ixo)) 
= det {yo - xo , V^-u- ■ u) 

= deiiyo-XQ, ^^{xo,q)-u-^^{xo,p)-u\. 
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Now ao{x,p) = p + a{x){p — x) and ao(x,g) = q + P{x){q — x) for any x G dV, where 
a : dV — )• R and /3 : dT> — )• R are functions that are C°° (since ao is) . 

For any u e T^^&D with it 0, we have 

^{xq,p)-u - ^{xo,p)-u= {T,^a-u){p- Xq) - {Xo^(3-u){q - Xq) + {(3{xo) - a{xo))u, 
and thus 

T^ofo-u = {/3{xo) - a{xo)) det((yo - Xq , u)). 

As u is not parallel to yo — xq by strict convexity of V, the point xq will be regular for /o if 

P{xo) 7^ Q;(xo). But if P{xo) were equal to a{xo), wc would get yo = ao{xo:P) = p+a{xo){p — xo) 
and yo = cro(xo, q) = q + P{xo){q — Xq). Therefore (1 — a{xoj){q — p) = 0, and hence a{xo) = 
(3{xo) = 1 since p 7^ q. This would then imply 2p = xq + yo = 2q, contradicting the fact that p 
and q are distinct points. Thus is a regular value of /q. 

Then, from Lemma 3.3 with K :— dV, there exists b e (0, a/2) such that is a regular 
value of fx for all A e (—26,26). This implies by Lemma 3.5 that is a regular value of 
F\{-2h,2h)xdVi and hence that any A G (—26,26) is a regular value of ti\w : W — > (—26,26), 
where vr : (—26,26) x dV — > (—26,26) is the natural projection and W = (-^(-26,26)x9d)^^(0). 

But dim (ly) = 1 = dim ((—26, 26)), so 7T\w is a local diffeomorphism, thus a local home- 
omorphism, which implies that tt : Wq — > [—6, 6] is also a local homeomorphism, where 
Wo ■.^Wn{[-b,b] xdV). 

Next, as Wq is compact (since W is closed in (—26, 26) x dV and [—6, b] x is compact) 
and [—6, 6] is connected, we get that tt : Wq — > [—b, b] is a covering map with a finite number 
of sheets by Lemma 3.2. 

Since n'^O) nWo = {(0, Xo), (0, yo)}, we have card (7r-^(A) nWo) = 2 for all A G [-6, 6]. 
Hence, given A G [—6, 6], there are exactly two distinct points x,y e dV such that 

det{V^\x), V^\x)) = and dct{V^\y), V^\y)) = 0. 

But this means that ax{x,p) = ax{x,q) = y hj Remark 3.4. So, there exist to,ti G R such 
that p = tp^iy^to) and q = ip'^{y,ti) with to ^ ti after a suitable labelling of x and y. As 
(p'^{y, ■) : R — > R^ is injective by point (1) in Corollary 3.1, such to and ti are unique with 
< to < ^1 < 1- 

This proves Proposition 3.4. □ 

Proof of Proposition 3. 5. 

Fix a point p E T> and a vector V G R^\{0}, and consider the C°° function F : {—a, a) x 

dV — ^ R defined by F{X,x) = fx{x) := det(v , with ^x{x,y,t) = {x,p) G N. In 

other words, fx{x) ■— det^l/, -^^{^x^{x,p))j for all (A, x) G {—a, a) x dV (see Figure 8). 
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Figure 8. Proof of Proposition 3.5 



Let xq and yo be the two intersection points of the straight hne p + Ry with and write 

G^{y,t) = X + u!{x,y,t){y — x) for all {x,y,t) G {{&D x &D)'^A) x R, where uj is the function 
introduced in Step 1 in the proof of Proposition 3.2. As we have /o"^(0) — {xo,yo}, the value 
will be regular for /q if Xq and yQ are regular points of /q. 

So, let us prove xq is a regular point of /o (arguments are the same for yo). 

Using the diffeomorphism $o • ^ — ^ ^ (see point (2) in Proposition 3.2), we can write 

fo(x) = det(v , |^($-i(x,p))|(<7o(x,p) - x) 

for all X e &D. 

Thus, for any u G T^q&D, we have 



ZJo-u = detiV, {T^-i 



^■{T{xo,p)%^-u}Ym^o,p)-xo) 



+ det 



\xo,p)) \ ^{xo,p)-u-u 



+^{%\xo,p))det(v, 



dx 



Xo,p)-u-u], 



that is. 



%Jq-u^ —{%^{xQ,p))dei\V, -^{xo,p)- 



dao 



u — u 
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since yo — xq is parallel to V. 

As — ($Q ^(xojP)) 7^ (from property (ii) for u in Step 1 in the proof of Proposition 3.2), 

Xq will be a regular point of /o if the vector --^(xo,p)-u — u is not parallel to V for u E Tx^dV 

ox 

with M 7^ 0. In order to prove this, just write cro(a;, p) ~ p -\- a{x){p — x) for any x E dT>, where 
a : dV — > R is a function that is C°° (since ctq is) and positive (since p is in the affine segment 
]x,ao{x,p)[). Then, for u e T^q&D with k 7^ 0, we have 

-^{Xo,p)-U- U = {%^a-u){p - Xq) - (1 + a(xo))M, 

which is not parallel to V since p — xq is parallel to V and u is not (by strict convexity of V) . 

Hence we have shown that is a regular value of /q, and we conclude exactly the same as in 
the end of the proof of Proposition 3.4 with c instead of 6. □ 



We can now use all we proved in this section to eventually obtain what we wanted: 

Theorem 3.2. There exists a number Sq G (0, a) such that for all A G (—£0,^0); the set 
<3a '■= {l[xy) I {^lU) ^ X dVy-^/S.} of parameterized curves l^^xy) '■ ^] — ^ defined by 
^{xy)i^) '■~ Vxiv-i^) admissible for T> and satisfies Property (C). 

Proof. 

Define £0 '■— -p. min {6, c} > 0, where b and c are given respectively by Proposition 3.4 and 
Proposition 3.5, and let A G (— £oi^o)- 

The fact that the set G\ is admissible for V follows from point (1) in Corollary 3.1, Propo- 
sition 3.4 and Proposition 3.5. 

Property (C) for &x is a consequence of Proposition 3.3 and point (2) in Corollary 3.1. □ 



dp 



x,p)-v 



dx 



3.3. Towards the Main Theorem. 

At this stage of the paper and following Arcostanzo's construction in [2], let us define for 
each A G (—£0, ^^o) the function : TV = V x'R? — )• R by setting 

for all {p,v) G TV. 

Since the distance function dg^ is C°° on {dV x dV)~^A with q^-q" {x, y) > for all {x,y) G 
{dV X dV)'^A (point (2) in Remark 3.2), we get from Theorem 3.1 and Theorem 3.2 that F;^ 
is a smooth Finsler metric on V such that df^ — dg^. 
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On the other hand, since we have J^^^y-^it) = ipKy,t) = G'^{y,t) for all {x,y) G {dV x 

91?) \ A and t G [0, 1], the set &o coincides with the set of maximal geodesies of go in T> after 
reparametrization by [0,1]. Thus, as mentionned in point (4) of Remark 3.2, Fq equals the 
restriction to TT> of the Finsler metric Fq on associated with qq. 

We are now going to give some properties about F;^ that will lead to the Main Theorem. 

The first one shows that F;^ agrees with Fq near the boundary dT> of T>, which is not a surprise 
since our construction of F;^ has especially been made for this. Moreover, we prove that the 
region in V near the boundary of dV on which F^ agrees with Fq can actually be chosen in 
such a way that it does not depend on the parameter A. This uniformity will later ensure that 
the family of Finsler metrics we will obtain in the Main Theorem is smooth with respect to A. 

Proposition 3.6. There exists Rq G {R/2,R) such that for every A G (—£0,^0)7 the Finsler 
metric Fx coincides with Fq on (V^V{Rq)) x R^. 

In order to establish this fact, wc will need the following useful lemma which proves that F^ 
is invariant under the Euclidean isometrics since all the objects we constructed so far have as 
much symmetry as the Euclidean circle &D has. 

Lemma 3.6. For any A G (—£0,^0) and any linear Euclidean isometry A G O(R^), we have 
fx{A{p),A{v)) = fx{p,v) for allpeV and v G R^. 



Remark 3.5. Before proving this lemma, recall for the reader's convenience that the Klein 
metric qq whose associated Finsler metric is Fq is given by 



l_|p|2 (l-|p|2)2 

for all p G and v G R^. 



Proof of Lemma 3. 6. 

Fix A G R and A G 0(R2). 

For every p G H^, we have = and thus q;a(|A(j5)|) = q;a(|p|)- Since the Klein 

metric qq on is invariant under A [i.e., A*gQ = qq) by the formula for qq in Remark 3.5, we 
get that gx is >l-invariant too from the very definition of gx- 

Hence, given any x,y G and any t G R, we have G\f^^^{A{y),t) = A{G'^{y,t)) and 
G^^)iMy),t) = A{G^{y,t)), which implies 

^\i4A{y),t) = (1 - p{t))G%,){A{y),t)+p{t)G\^,^{A{y),t) 
= (1 - p{t))A{Gl{y, t)) + p{t)A{G^,{y, t)) 

^^■^^ ^A({l-p{t))GUy,t) + p{t)G'Ay,tj) 
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for all t e R. 

So, for every A e {—eo,so) and {x,p) G N, we have ax{A{x), A{p)) = A{ax{x,p)), and 
therefore, for every X E {—£o, Eq), p e T> and v e R^, one has 



Fx{Aip),A{v)) 



•go 



dvdxdy 
d^dg. 



x,ax{x,A{p))) 



dax 



dp 



x,Aip))-A{v) 



dx 



dxdy 



{A{x),ax{A{x),A{p))) 



dax 



dp 



{A{x),A{p))-A{v] 



dx 



(since the canonical Euclidean measure dx on &D is A-invariant) 



d'^d^ 



'''>iAix),Aiaxix,p))) 
dax 



Qvdxdy 
d'^d 

^° 'x,ax{x,p)) 



A{^{x,p)-v) 



dp 



dx 



dV 



dxdy 



(since rf^,, and 



are yl-invariant) 



dx 



This ends the proof of Lemma 3.6. 



□ 



Proof of Proposition 3. 6. 

Applying Lemma 3.4 with A := (—a, a) and fx '■= $a (which is a diffeomorphism by point (2) 
in Proposition 3.2), we get that h : {—a, a) x M — )■ (—a, a) x N defined by /i(A, {x,y,t)) :— 
(A, {x, (p^{y, t))) is a diffeomorphism, hence a homeomorphism. 

So, consider the open set U :— {{x,y) G dV x dV \ \x — y\ > R} x (3/4, +oo) in M, fix 
Xq e dV, and define the compact set K :— {y E dV \ \xo — y\ y/SR} C dT>. 
Since {xq} x K x {1} C [/, the compact set 

[-a/2, a/2] x {xq} xK^ h{[-a/2, a/2] x {xq} xKx {1}) 

is included in the open set U := h{{—a,a) x U) of {—a, a) x N. Thus, there exists a number 
To e (0, R/2) such that [-a/2, a/2] x {xq} xECU, where E -.^ {{1 + T)y \ y e K and re 

{-To, To)}. 

But Lemma 3.6 implies that for any (A, {x,p)) e U and A e O(R^), we have (A, {A{x),A{p))) e 
U. Hence, if 

E :— {(x, (1 + T)y) \ x,y ^ &D and \x — y\^ \/3R and r e {—To, Tq)}, 

we get 

(3.7) [-a/2, a/2] x E = [j [-a/2, a/2] x {A{xo)} x A{E) QU. 

AeO(R2) 

Now define Rq-.^R-to^ {R/2, R), and pick A e [-a/2, a/2], x e 9© and p e V^V{Ro). 
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Let z G &T> be the intersection point between dT> and the open half hne x + R^(p — x). 

If |a; — 2;| ^ \/3-R, then {xi./p) E E, and thus (A, {x,p)) G W by Equation 3.7. This means that 
there are y G dV and t G (3/4, +cxo) satisfying p = '^■^{y,t), which imphes that ax{x,p) = y. 
But, since p = on (3/4, +oo) by property (2) in Equation 3.4, we also have p — (p^{y,t) — 
Gl(y,t) = 'Pl(y,t), and hence ao(x,p) = y. 

If |x — 2;| < \/3R, then the image of the g'o-geodesic G^{z, •) : R — lies in the open 
set H^\D(i?/2) of H^, since this image is equal to the intersection of the straight line (xz) 
with and since any chord of &D that is tangent to &D{R/2) has a Euclidean length equal 
to ^/3R. Since the Riemannian metrics gx and go coincide on H^\'D(i?/2), we get that the 
(7A-geodesic G^{z,-) : R — is actually equal to the ^lo-geodesic G'^{z,-) : R — H^. Thus, 
(p^{z,t) — G^{z,t) — (p^{y,t) for all t E H. But the definition of z says that p G (xz), which 
means there is to ^ R such that p — G^Zjio). So, p — (fi^{z,to) — (fiKz,to), and therefore 
CTxix^p) = 2; = (7o(x,p). 



Conclusion: for every A G [—a/2, a/2], x G dV andp G V^V{Rq), we have ax{x,p) — ao{x,p). 



Hence, for any A G (—£0, ^o) Q [~q/2, a/2], p G T>^T>{Rq) and v G R^, we can write 



90 



'ovdxdy 



'x,ax{x,p)) 
x,ao{x,p)) 



dax 



'ovdxdy 
fo(p,v) = Fo(p,v) 



dp 

(9(70 



dp 



[x,p)-v 
x,p)-v 



dx 



dx 



This proves Proposition 3.6. 



□ 



Prom now on, for each A G (— £o,£o) and thanks to Proposition 3.6, we extend the Pinsler 
metric Fa on the whole by setting Fxip,v) = Foip,v) for all ip,v) G (H^\I>(it!o)) x R^. 

Then we have 

Proposition 3.7. The family of Finsler metrics (Fa)ag(-£o,£o) satisfies the following. ■ 

(1) the function $ : (-£0,^0) x — R defined by $(A, •) := Fa(-) for all A G (-£0,^0) 
is continuous and C°° on (— £o,£o) x x (R^\{0}); and 

(2) there exists e G (0, Sq) such that for each A G {—e,e), the smooth Finsler metric Fx is 
strongly convex and has no conjugate points. 

Proof. 

• Point (1): Consider the map T : (-£o,£o) x x R^ x 9I> — > R^ defined by 
T{{X,p,v),x) := ^^^{x,ax{x,p))^{x,p)-v. 



39 



Since dg^^ is C°° on {dV x dV)^{{x,x) \ x G dV} and {X,x,p) ax{x,p) is a C°° map from 
(— £o, £o) X dT> X D to 9I> by Proposition 3.3 which satisfies ax{x, p) x for all A e (— £o, ^o) and 

(a;,p) G dVxV, the positive function (A, x,p) i— > ^° (x, (7^(0;, p)) is C°° on (— ^0) xdVxV, 

oxoy 

and therefore T is C°° on (—£0,^0) x "D x x dV. 

Then, using the same arguments as in Remark 3.3, we get that the function $ is continuous 
on (— £o,£o) X P x and C°° on (-£o,£o) x P x (R^\{0}) since we have 

H\{p,v)) = / \T{{X,p,v),x)\dx 

J&D 

for all A G (-£0, £0) and (p, v) G TH^ = x R^. 

On the other hand, since $(A, (p, ■?;)) = Fo(p, v) for all A G (-£0, £0) and (p, G (H^\X>(i?o)) x 
R^ by construction, the function $ is continuous on (— £o,£o) X (H^\X>(i?o)) X R^ and C°° on 
(-£0,^0) X {Yi^<ViM) X (R2-{0}). 

Conclusion: $ is a continuous function that is G°° on (— £o,£o) x x (R^\{0}). 

• Point (2): As a consequence of the first point, the map A ^— $(A, •) = Fa(-) from (— £o,£o) 
to C^(TH^\{0}, R) is continuous when C^(TH^\{0}, R) is endowed with the C^-topology. 

This first imphes that is close to in C°(TH^\{0}, R) with respect to the C^-topology 
whenever A G (— £o,£o) is sufficiently small. Hence, there exists £1 G (0,£o) such that is 
strongly convex for all A G (— £i,£i) since the hyperbolic Finsler metric Fq is. 

Furthermore, if V C T(TH^) is the vertical vector bundle over TH^ (the kernel of the 
differential of the natural projection TH^ — > H^) and ip\ = (v^^^eR geodesic flow of Fa on 
TH^^{0} for any A G (— £i,£i) {i.e., the Euler-Lagrangc flow of the non-dcgcncratc Lagrangian 
■= 1F2 :TH2\{0} — ^R),themapA^ V?Afrom(-£i,£i)to C^Rx (TH^xjo}), TH^xjo}) 
is continuous when C^(R x (rH2\{0}), TH2\{0}) is endowed with the C^-topology. 

Since the hyperbolic Finsler metric Fq has no conjugate points, we have 

V(p,.)nT^.(p,,)^o*(V^^(p,.))7^{0} for all {t, {p,v)) E R x {Tli'^{0}). 

Thus, there exists £ G (0, £1) such that 

V(p,„) n T^iM^x\Ki(p,v)) + {0} for all (t, {p,v)) G R x (TH2x{0}) and all A G (-£,£). 

But this is equivalent to saying that the Finsler metric Fa has no conjugate points whenever 
AG (-£,£). □ 



Proposition 3.8. For any A G (—£,£), the Finsler metric Fx is not Riemannian whenever 
A^O. 

Before proving this result, we will need to estabhsh the following: 

Lemma 3.7. There exists Tq G (0,i?/2) such that for every A G (—£,£), all the geodesies of the 
restriction of the Riemannian metric gx to 'D(ro) are geodesies for Fx- 
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Proof. 

It will consists in four technical steps. 

We first show that for any A e R and x e &D, the parameterized curve <^^(— •) : R — > R^ 
passes through the origin at t = 1/2 (here y = —x G &D is the symmetric of x about 0). 
Then, remembering that (f'^iu, = P)Gx{y, ■) + pG^{y, •) for all y G dV and using the fact 
that p = 1 on [1/3,2/3], we deduce the lemma. 

• Step 1: Fix arbitrary A G R and x G H^'^jO}. 

If ^4 G O(R^) is the Euclidean reflection through the line x-^, we have 
(^^(-x, 1/2) = ^\^_4A{x), 1/2) = A{cp^_,{x, 1/2)) 

on the one hand by Equation 3.6, and <p^x{^, 1/2) = (p^{—x, 1/2) on the other hand by the first 
point in Lemma 3.1. Therefore (p^{—x, 1/2) G x-^. 

Next, if S G O(R^) is the reflection through the hue Rx, we have 

ip^^i-x, 1/2) = ^|(,)(S(-x), 1/2) = B{ip^^{-x, 1/2)) 

by Equation 3.6, and hence ip^^{x, 1/2) G Hx. 
This shows that ip^{—x, 1/2) = 0. 

• Step 2: Now, as in the proof of Proposition 3.6, we will make use of the map h : (—a, a) x 

M — > {—a, a) X N defined by h{X, {x, y, t)) = (A, {x, ip^{y, t))). 

Consider the open set V := {{dV x dV)'^A) x (1/3,2/3) in M, and define the compact set 
L := {{x, -x) \ x e dV} CdVx dV. 

Since L x {1/2} C V, the set h{[-a/2,a/2] x L x {1/2}) is included in the open set V := 
h{{-a,a) X V) of {-a, a) x N. But Step 1 implies that we have [-a/2, a/2] x dV x {0} C 
/i([— a/2, a/2] x L x {1/2}). So, using the compactness of [—a/2, a/2] x dV x {0}, there exists 
a number tq G (0,i?/2) such that [—a/2, a/2] x dV x P(ro) Q V, which means that for every 
A G [—a/2, a/2], x G dT> and p G T>{ro), there are z G dT> and r G (1/3,2/3) satisfying 

• Step 3: For any A G (—£,£) C [—a/2, a/2] and x,y e dV with x y, we have {t G 
(0,1) I (^^(y,i)GP(ro)}C (1/3,2/3). 

Indeed, if t G (0,1) satisfies p := (p^{y,t) G X>(ro), then by Step 2 there exist z G dT> 
and r G (1/3,2/3) such that (p'^{y,t) = ip'^^Zjr). So ^x{x,y,t) = ^x{x, z,t), and therefore 
t = r G (1/3, 2/3) since $a '■ M — > N is injective by point (2) in Proposition 3.2. 

• Step 4: For this last step, fix A G {—e,e), let c : J — > be a (^A-geodesic such that 
c(/) C V{ro), where / C R is an interval, and prove that c is also a pA-gcodcsic. 

For doing this, choose arbitrary sq, Si E I with sq < Si, and define po := c(so) and pi := c(si). 
By Proposition 3.4, there exists {x,y,to,ti) G {{dV x dV)---A) x (0,1) x (0,1) such that 
Po = <Px{y: io) and pi = (p^{y, ti) with to^h. 
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Then, by Theorem 3.1, the parameterized curve k, : [to,ti] C (0,1) — > defined by 
K{t) :— (f^{y,t) is a F;^-geodesic. This imphes that the reparametrized curve a : [sq, Si] — > 
defined by 

a{s) := K{to + {s - so){ti - to)/{si - so)) 

is a F;^-geodesic too. 

Now, since po = c(so) and pi = c(si) are in 2^(ro), we have to,ti G (1/3,2/3) by Step 3, and 
hence [to,^i] Q (1/3,2/3). But p = 1 on [1/3,2/3] by properties (1) and (3) in Equation 3.4, 

so we get 

(3.8) K{t) = G^{y,t) for all t e [^0,^1]- 

This leads to considering the reparameterized curve c : [sq, Si] — > defined by 

c(s) := G^{y, to+{s- So)(ti - to)/(si - So)) 
which is a g^A-geodesic that satisfies 

c(so) = G^{y, to) = K,{to) = Po = c(so) and c(si) = G^{y, ti) = K,{ti) = Po = c(si) 
by Equation 3.8. 

Thus, c = C|[so,si] since has no conjugate points. This writes 

c{s) = c{s) = G^{y,to + {s-So)iti-to)/{si-So)) 

^ V ' 

e[t(),ti] 

= K{to + {s-So){ti-to)/{Si-So)) 

(by Equation 3.8) 

= a{s) 

for all s e [so,si]. Hence C|[sq^s^] = a, which shows that C|[sg,s^] is a F^-geodesic (since a is). 

As this holds for arbitrary sq, si e / with sq < si, we have proved that c : / — > is a 
F^-geodesic. 

This establishes Lemma 3.7. □ 



Proof of Proposition 3. 8. 
Let A e {-e,e) with A ^ 0. 

As in [2], we use the following theorem of Beltrami to verify that within T> the F^-geodesics 
do not arise as geodesies for a metric diffeomorphic to Qq: 

Theorem 3.3 (Beltrami. See [17], Chapter 7, page 26). If {X,g) is a connected Riemannian 
manifold such that for every point p E X , there is a chart about p that maps the g-geodesics 
onto straight lines, then {X, g) has constant sectional curvature. 
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Now, if Fx were Riemannian, then by the boundary rigidity of {V, go\^) given in Theorem 1.3, 
F;^ would be isometric to Fq in restriction to V, which would imply that the F;^-geodesics within 
V are diffeomorphically mapped onto straight lines in R^. 

In particular, this would be true for all the F^-geodesics within the open set I^(ro) defined 
in Lemma 3.7. But this lemma says that every geodesic of the restriction of gx to 'D{ro) is a 
geodesic for Fa, and therefore the g^A-geodesics within ©(ro) would be diffeomorphically mapped 
onto straight lines in R^. 

Hence the curvature of g\ would be constant on 'D(ro) by Beltrami's theorem, which is 
impossible by point (3) in Propositon 3.1. □ 
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